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Abstract
On the basis of the three-dimensional Hubbard model, the superconducting (SC)
mechanism of CeIn3 under high pressure is investigated by means of third-order
perturbation theory with respect to the on-site Coulomb interaction U . Here we
propose a d-wave pairing state induced by antiferromagnetic spin fluctuations.
The estimated SC transition temperature is lower by one order than that in the
two-dimensional system for the same value of U/W (W = bandwidth). This
result is consistent with the difference between CeIn3 and CeRhIn5.

1. Introduction

A heavy-fermion compound CeIn3 [1] has been confirmed to exhibit unconventional
superconductivity. For instance, in the 115In NQR measurements [2], no coherence peak
has been observed in the temperature dependence of 1/T1. The superconducting (SC) state
appears under pressure P with a critical value Pc = 2.55 GPa, and the maximum value of the
transition temperature T max

c = 0.2 K. The experimental results [1, 3] suggested that the SC
state is related to the antiferromagnetic (AF) phase with the ordering vector Q = (π, π, π) at
Ce atoms [3]. The situation strongly suggests that the superconductivity should be connected
to 3D AF spin fluctuations.

In this paper, we assume that the CeIn3 system can be described as a Fermi liquid state
at low temperatures and study the SC mechanism induced by the wavenumber dependence
in the effective interaction between quasi-particles originating from Coulomb interactions
among f electrons. The SC state is considered to be realized on the main Fermi surface of Ce
4f electrons [5]. We pursue the possibility of a d-wave pairing state due to AF spin fluctuations
near Q = (π, π, π). To describe the heavy fermions, here the 3D Hubbard model is adopted
and the effective interaction is evaluated on the basis of third-order perturbation theory (TOPT)
in terms of on-site Coulomb interaction [4]. It is concluded that the SC mechanism of CeIn3

is d-wave pairing induced by 3D AF spin fluctuations near Q = (π, π, π).
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2. Formulation

The Hubbard Hamiltonian is given by

H = −t1
∑

i,a,σ

c†
iσ ci+aσ + t2

∑

i,b,σ

c†
iσ ci+bσ + U

∑

i

ni↑ni↓, (1)

where ciσ is an annihilation operator for quasi-particles with spin σ at site i, a and b are,
respectively, the vectors connecting nearest-neighbour and next-nearest-neighbour sites in
the simple cubic lattice. The transfer integrals t1 and t2 denote nearest-neighbour and next-
nearest-neighbour hopping amplitudes, respectively, U is the on-site Coulomb interaction,
and niσ = c†

iσ ciσ . Here we consider that the parameters t1, t2, and U include a common
renormalization factor to construct the heavy fermion. We adjust the dispersion Ek so as to
reproduce the main Fermi surface of heavy fermions constructed mainly by Ce 4f electrons in
the simple cubic structure [5], leading to Ek = −2t1(cos kx +cos ky +cos kz)+4t2(cos kx cos ky +
cos ky cos kz + cos kz cos kx). As a result, the mass enhancement due to the frequency
dependence of the self-energy is included in equation (1). We study mainly the momentum
dependence of the effective interactions by means of perturbation theory. Then, we obtain
the bare Green function of the quasi-particle as G0(k) = 1/[iωn − (Ek − µ0)], where k is
shorthand notation defined by k = (k, ωn), k is the momentum, and ωn = πT (2n + 1) is
the fermion Matsubara frequency with temperature T and integer n. Note that the chemical
potential µ0 for the non-interaction case is determined by the electron number n (per site and
spin) as n = ∑

k G0(k), where
∑

k = (T/N)
∑

k

∑
n and N is the number of sites. The

dressed normal Green function G(k) is given by G(k) = 1/[iωn − (Ek − µ) − �n(k)], where
�n(k) is the normal self-energy, given by TOPT with respect to U as

�n(k) =
∑

k′
{U 2χ0(k − k ′) + U 3[χ2

0 (k − k ′) + φ2
0(k + k ′)]}G0(k

′), (2)

with χ0(q) = − ∑
k G0(k)G0(q +k) and φ0(q) = − ∑

k G0(k)G0(q −k). Here q is shorthand
notation: q = (q, νn), where νn = 2πT n is the boson Matsubara frequency. Note that the
chemical potential µ, shifted from µ0, is again determined by the condition n = ∑

k G(k).
An effective pairing interaction V between quasi-particles is evaluated by TOPT. Although

the origin of the superconductivity is investigated via total terms in V , in order to analyse the role
of V in detail, it is convenient to divide it into two parts: V (k, k ′) = VRPA(k, k ′)+ Vvertex(k, k ′),
where VRPA represents the terms obtained from the random phase approximation (RPA) and
Vvertex indicates the third-order vertex correction terms. The RPA-like term reflects the nature
of the simple spin fluctuations, while the third-order vertex correction terms originate from the
electron correlations other than the spin fluctuations. For the singlet pairing, VRPA and Vvertex

are given by

VRPA(k, k ′) = U + U 2χ0(k − k) + 2U 3χ2
0 (k − k ′), (3)

Vvertex(k, k ′) = 2U 3 Re
∑

k′′
G0(k + k ′′ − k ′)[χ0(k + k ′′) − φ0(k + k ′′)]G0(k

′′). (4)

An anomalous self-energy �a is expressed by using V (k, k ′) and an anomalous
Green function F(k) as �a(k) = −�k′ V (k, k ′)F(k ′). At T = Tc, the linearized
Eliashberg equation including �a and F(k) is reduced to the eigenvalue equation λ�†

a(k) =
− ∑

k′ V (k, k ′)|G(k ′)|2�†
a(k

′). When the eigenvalue λ becomes unity, the SC state is realized
and Tc is obtained. We solve the equation on the assumption that �†

a has singlet or triplet
pairing symmetry. For the calculations, we divide the first Brillouin zone into 64 × 64 × 64
meshes and the cut-off for the frequency sum is set as N f = 512.
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Figure 1. The Fermi surface in a quarter of the first Brillouin zone and the bare susceptibility
χ0(q, νn = 0).

Figure 2. (a) The U -dependence of λ obtained from TOPT and RPA-like terms. (b) The
U -dependence of Tc obtained from TOPT. (c) The change in T TOPT

c /T RPA
c in going between

2D and 3D systems.

3. Results

The dominant symmetries are dx2−y2 - and d3z2−r2 -wave ones, which are degenerate due to the
space symmetry of the cubic system. On the other hand, we do not obtain stable solutions for
other pairing symmetries such as the dxy-wave one.

We explain in detail the mechanism of the d-wave pairing, which indicates dx2−y2 - or
d3z2−r2 -wave pairing. To describe the main large-volume Fermi surface [5] (see figure 1),
we choose the parameter set t2 = −0.2 and n = 0.45, near the half-filling n = 0.5. The
main Fermi surface with nesting properties enhances the bare susceptibility χ0(q, νn), due
to the feature of 3D AF spin fluctuations near Q = (π, π, π), as shown in figure 1. The
AF spin fluctuations originating from the RPA-like term, which provides an advantageous
contribution to the eigenvalue λ for the d-wave pairing, are shown in figure 2(a). In the
case including only the RPA-like terms, λ always becomes large with increasing U , but it is
significantly suppressed for large values of U when all terms in TOPT are taken into account,
since the vertex correction terms suppress the d-wave superconductivity. Next, we show the
U -dependence of Tc in figure 2(b). Here it is emphasized that Tc evaluated in units of t1 is
consistent with the value T max

c /EF = 0.004–0.0067 estimated from T max
c = 0.2 K and the

Fermi energy TF = 30–50 K. EF is estimated from the T -dependence of the resistivity [6].
Thus, the present calculation for Tc explains well the possibility of a d-wave pairing state
in CeIn3.

Furthermore, it is quite instructive to consider the comparison between two-dimensional
(2D) and 3D cases. For the same value of U/W ∼ 3/4 (t2 = −0.2, n = 0.45, W 3D ∼ 12t1,
and W 2D ∼ 8t1), we obtain T 2D

c = 0.042 in the 2D square lattice and T 3D
c = 0.004 in the

3D simple cubic lattice. That is, Tc for the 3D system is lower by one order than that for
the 2D system. This is consistent with the experimental fact that T 3D

c ≈ 0.2 K for CeIn3 (a
3D system) and T 2D

c ≈ 2.1 K for CeRhIn5 (a quasi-2D system) [7]. We show in figure 2(c)



S2262 H Fukazawa and K Yamada

the change in T TOPT
c /T RPA

c in going between 2D and 3D systems obtained by the present
calculation using the dispersion Ek = −2t1(cos kx + cos ky + tz cos kz) + 4t2(cos kx cos ky +
tz cos ky cos kz + tz cos kz cos kx). Here the hopping integrals t1 and t2 in the direction of the
c-axis are multiplied by tz . That is, the dispersion relations with tz = 0 and 1 correspond to
those for the 2D square and 3D simple cubic lattices, respectively. In the result, the suppression
of Tc by the vertex corrections is stronger in 3D than in 2D systems.

4. Summary

We have evaluated Tc by using TOPT based on the 3D Hubbard model. It is concluded that
the SC mechanism of CeIn3 is dx2−y2 -wave (or d3z2−r2 -wave) pairing, mainly induced by 3D
AF spin fluctuations near Q = (π, π, π). In the present calculation including the suppression
of Tc by the third-order vertex corrections, Tc in the 3D cubic system is lower by one order
than that in the 2D square system for the same value of U/W , in good agreement with the
experimental results for the 2D and 3D Ce-based heavy-fermion superconductors CeRhIn5

and CeIn3. It has been pointed out, using FLEX, that superconductivity induced by AF spin
fluctuations is suppressed in the 3D system compared with that in the 2D system [8], but here
we stress that the difference is confirmed also by using TOPT including the vertex corrections
in this paper. Moreover, we have found that the suppression of Tc by the vertex corrections is
stronger in the 3D system than in the 2D system for the same value of U/W .
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